
Physics 775 – Problem Set 3

(Due: 1100, 09/13/2018)

1. Consider an ideal gas of N particles in a d-dimensional box of volume V.

(a) Find the number of states with energy less than E,

Ω0(E, V, N) =
1

N!

∫
H≤E

ddNxddN p
(2πh̄)dN . (1)

(b) Deduce the entropy S = k ln Ω0 at large N. You will find it useful to employ
Stirling’s approximation, ln N! ∼ N ln N − N.

(c) Show that the entropy S coincides with that you obtained on last week’s assign-
ment, upon using the equipartition theorem to write T as a function of N and E.

2. Last week you worked out the free energy F̄(T, V, N) for an ideal gas in d-dimensions.
Legendre transform to obtain the equation of state in all (seven) other ensembles. In the
(S, P, µ) ensemble, you should work at the particular value µ = 0. You will want to use
Stirling’s approximation here too.

3. Suppose that an ideal gas is used to run an engine. Recall the result from the last
homework, that in 3 dimensions the pressure and energy of a monatomic ideal gas obey

PV = NkT , E =
3
2

NkT . (2)

(a) Suppose an ideal gas is allowed to expand or contract in a quasi-static way, so that
the work done on it is d̄W = −PdV. Show that when the process is adiabatic, the
pressure and volume obey

PV5/3 = constant . (3)

Suppose that T1 and T2 are the temperatures at the endpoints of the adiabatic pro-
cess, and V1, V2 the volumes. Derive a relation between the ratios T1/T2 and V1/V2.

(b) Suppose an ideal gas undergoes isothermic expansion: it quasi-statically changes in
volume, with the work done on it being given again by d̄W = −PdV, in such a
way that the temperature is constant. Find an expression for the heat injected ∆Q
in terms of the initial and final volumes and teperature.

(c) A Carnot engine is an engine which runs on the following cycle: (i.) At a low
temperature TC, the engine undergoes isothermal contraction from a volume V1 to
a volume V2, losing heat QC. (ii.) Adiabatic contraction from temperature TC to a
hot temperature TH, whereby the volume contracts from V2 to V3. (iii.) Isothermal
expansion from a volume V3 to V4, with a heat exchange QH (this time positive).
(iv.) Adiabatic expansion from temperature TH to TC, whereby the volume expands
back to the initial volume V1.
Derive the Carnot efficiency,

ηC =
QH − QC

QH
= 1 − TC

TH
. (4)


